When handling fuzzy number data, it is a common practice to make use of a metric to quantify distances between fuzzy numbers. Several metrics have been suggested in the literature for this purpose. When statistically analyzing fuzzy number-valued data, L 2 metrics become especially useful. This paper introduces a new family of generalized L 2 metrics which take into account key features of the involved fuzzy numbers, namely, a measure of central location and two measures associated with the shape of the fuzzy numbers are used. A crucial property related to these three measures is that necessary and sufficient conditions can be established for them to characterize fuzzy numbers. Furthermore, the family of generalized L 2 metrics depends on one parameter. A discussion is provided regarding the interpretation of this parameter which can guide selection of its value in practice.
Introduction
A metric is a numerical description of how far apart objects of a given space are. It is a powerful tool in many fields from Physics to Statistics, and the nature of objects a metric can be applied to is very diverse.
In the last decades the notion of fuzzy number, also referred to as fuzzy interval in the literature, has become appealing to model real life objects that cannot be quantified precisely such as linguistic terms, experimental data associated with human ratings, perceptions, judgments, etc.
To analyze fuzzy number data, a metric between fuzzy numbers can be very helpful. Such a metric allows us to formalize problems involving fuzzy numbers and facilitates related developments and methods to solve them. For example, metrics have been used
• to classify fuzzy data (see, for instance, Coppi and D'Urso [11, 14] , D'Urso and Giordani [21] , D'Urso [20] , Coppi et al. [13] , Ferraro and Giordani [29] and Guillaume et al. [37] ), • to obtain some limit and probabilistic results for random fuzzy numbers (see, for instance, Colubi et al. [10] , Molchanov [43] , Terán [59, 60] , Quang and Thuan [53] , Aletti and Bongiorno [3] ), • in optimization problems (see, for instance, Abbasbandy and Asady [2] , Abbasbandy and Amirfakhrian [1] , Prochelvi et al. [51] , Báez-Sánchez et al. [4] , Ban and Coroianu [5] , Bera et al. [6] , Coroianu [15] , Coroianu et al. [16] ) • and especially in performing many statistical analyses, like testing hypotheses about the mean(s) or variance(s) of fuzzy-valued random elements, fuzzy regression analysis, fuzzy clustering, fuzzy decision tree, and so on (see, for instance, Näther [48, 49] , Körner and Näther [40] , Körner [39] , García et al. [30] , Montenegro et al. [44, 45] , D'Urso [19] , Gil et al. [32] , Coppi et al. [14] , D'Urso and Santoro [24, 25] , González-Rodríguez et al. [33, 35, 34] , D'Urso et al. [22, 23] , Ferraro et al. [26] , Ferraro and Giordani [28] , Ramos-Guajardo and Lubiano [54] , Sinova et al. [57] , Cappelli et al. [9] ). In the literature on fuzzy numbers and more general fuzzy sets, several metrics have been suggested (see, for instance, Puri and Ralescu [52] , Klement et al. [38] ). One of the best known metrics is the L 2 distance based on the support function studied by Diamond and Kloeden [18] . In the case of fuzzy numbers one of the strengths of this L 2 distance is that it uses the inf/sup representation of fuzzy numbers. This is a representation for which necessary and sufficient conditions have been stated to characterize fuzzy numbers.
The metric of Diamond and Kloeden has been extended with the aim to take into account not only the extreme-points of the level sets of the fuzzy numbers but the complete level sets. One of these extensions has been given by Bertoluzza et al. [7] (see also Trutschnig et al. [61] for a definition for general fuzzy values and Grzegorzewski [36] for a more general metric), which can be characterized by using the mid/spread (i.e., center/radius) representation of fuzzy numbers. This family of metrics is quite versatile and has a rather intuitive interpretation. The family can be treated as a parameterized distance weighting level-wise the deviation in location with respect to the deviation in vagueness of the level sets of the involved fuzzy numbers. Along this century, a statistical methodology has been developed on the basis of Bertoluzza et al.'s metrics and its Trutschnig et al.'s extension. However, a drawback of these metrics is that for the mid/spread representation there are no necessary and sufficient conditions that allow to characterize fuzzy numbers.
Recently (Sinova et al. [56] ) introduced a new parametric family of L 1 metrics with the goal of defining a robust centrality measure for fuzzy data. These metrics are based on a new representation of fuzzy numbers that coincides with the mid/spread representation in case of symmetric fuzzy numbers. An advantage of this new representation is that it has been possible to state necessary and sufficient conditions to characterize fuzzy numbers. However, no discussion has been carried out regarding the interpretation of the involved parameter, which makes it difficult to make a suitable choice for this parameter in practice. This paper introduces a new parametric family of L 2 metrics between fuzzy numbers that is based on a modification of the fuzzy number representation in [56] . This new parametric family of metrics aims to allow an intuitive interpretation of the involved parameter which facilitates the selection of its value in practice. Moreover, the modified representation of fuzzy numbers preserves the important property that necessary and sufficient conditions to characterize fuzzy numbers can be stated. This new representation and hence the associated L 2 metrics take into account the (squared) deviation in central location and level-wise the (squared) deviations in shape between fuzzy numbers.
The rest of this paper is organized as follows. Section 2 recalls some basic concepts on fuzzy numbers and introduces the proposed representation of fuzzy numbers. Necessary and sufficient conditions for this representation to characterize fuzzy numbers are derived as well. In Section 3, the new parametric family of L 2 metrics is presented and their metric and topological properties are examined. Section 4 presents an equivalent expression for the new metric which facilitates the interpretation of the role of the parameter in this family of L 2 metrics. Finally, Section 5 provides a discussion on potential applications of this new family of metrics.
The wabl/ldev/rdev representation of fuzzy numbers
A bounded fuzzy number (also called fuzzy interval) is a fuzzy set of R, that is, a mapping U :
is a nonempty compact interval. The value U (x) is intuitively interpreted as the 'degree of compatibility of x with U ', or 'degree of membership of x to U ', or 'degree of truth of the assertion "x is U " '. Equivalently, a bounded fuzzy number can be defined as a normalized upper semicontinuous element of [0, 1] R with bounded 0-level (i.e., the closure of the support set of the fuzzy set). The class of the bounded fuzzy numbers is denoted by F * c (R). A representative value of the central location of a bounded fuzzy number has been introduced by Yager [62] , and later extended by de Campos and González [17] as the .5-average index, and by Nasibov [46] as the weighted averaging based on levels (see also Nasibov et al. [47] ). For any U ∈ F * c (R), the .5-average index is defined as the real number in the interior set int( U 0 ) such that wabl
where mid U α = (inf U α +sup U α )/2. φ is a weighting measure on the measurable space ([0, 1], B [0, 1] ) which can be formalized by means of an absolutely continuous probability measure with positive mass function on (0, 1). It should be pointed out that no stochastic meaning is actually associated with φ, but it allows us to weight the 'degrees of compatibility' in the α-levels. The wabl φ measure of central location is often used as a defuzzification function to rank fuzzy numbers.
The wabl φ measure satisfies several valuable properties. A relevant property for this paper is related to the usual arithmetic with fuzzy numbers. Namely,
Moreover, these properties can be joined and generalized to the so-called Aumann-type expected value of random elements taking on fuzzy number values (see López-Díaz and Gil [41] ), for which the wabl φ of the Aumanntype expected value equals the expected value of the wabl φ of the random element.
We use the central location measure wabl φ as one of the three components of our new representation of fuzzy numbers. The other two components are level-wise representative values of the shape of a bounded fuzzy number relative to this value of central location. They can be formalized as the two functions:
On the basis of these three components we obtain the following representation of fuzzy numbers. 
. It follows that for each
] .
For symmetric fuzzy numbers this representation coincides with the mid/ spread representation (whatever φ may be). Consequently, it also coincides with the mid/spread representation in the case that fuzzy numbers reduce to compact intervals.
The following result establishes sufficient and necessary conditions to characterize each fuzzy number by the φ-wabl/ldev/rdev representation. 
and such that for all α ∈ [0, 1],
Conversely, let m ∈ R and let l
functions satisfying conditions i) and ii). Then there exists a unique
U ∈ F * c (R) such that for all α ∈ [0, 1] U α = [m − l * (α), m + r * (α)] .
Furthermore, if there is an absolutely continuous probability measure φ on
) with positive mass function on (0, 1) and such that iii)
Proof. First, take U ∈ F * c (R). Because of the properties of the infimum and supremum of the level intervals as functions of α (see, for example, Ming [42] , and Negoita and Ralescu [50] ), the functions ldev 
Since wabl φ ( U ) ∈ R and for all α ∈ [0, 1] it holds that
it follows that the real number wabl φ ( U ) and the two functions ldev 
then, it is well-known that there exists a unique U ∈ F * c (R) such that
for α ∈ [0, 1] (see, for instance, Ming [42] ). Furthermore, if there exists an absolutely continuous probability measure
Hence,
To illustrate this result, we now consider the following example. 
for every α ∈ [0, 1]. This fuzzy number U is shown in Figure 2 .1 and is given by 
On the other hand, the equality ∫
The representation above is not the only wabl/ldev/rdev representation for this fuzzy number. In fact, for this example it is possible to find such a representation for every choice of φ. For instance, if one chooses φ ≡ β 5,1 , i.e.the probability measure associated with the Beta(5, 1) distribution, then wabl β 5,1 ( U ) = 53/7, ldev
Note that for the Beta(5, 1) distribution it holds that the larger the α-level of a set, i.e. the greater the degree of compatibility with U , the larger its weight is in the corresponding wabl/ldev/rdev representation. 
Hence, for each wabl/ldev/rdev representation of a fuzzy number in Definition 2.1 there is a corresponding representation as introduced in Sinova et al. [56] .
The wabl/ldev/rdev-based L 2 metrics
L 2 metrics between fuzzy numbers have been shown to be very suitable in the development of statistical methodology for experimental fuzzy data. The recent review of Blanco-Fernández et al. [8] gathers most of these statistical methods. González-Rodríguez et al. [34] provides a detailed explanation of this approach when using the Bertoluzza et al.'s L 2 metric. Moreover, they reveal a clear and interesting connection with the statistical analysis of functional data through the so-called support function of fuzzy sets.
Bertoluzza et al.'s L 2 metric can be expressed in terms of the mid/spread representation for fuzzy numbers (see, for instance, Gil et al. [31] ). In the particular case of interval-valued data one can easily establish necessary and sufficient conditions for this representation to characterize a compact interval (given simply by the non-negativeness of the spread). However, for the general case of fuzzy numbers this is not possible anymore. It is known that the spread function should be a nonnegative, left-continuous at (0, 1], right-continuous at 0, and a nonincreasing function of α, but nothing can be imposed on the mid function to characterize a fuzzy number. This concern can be a setback for certain developments, especially for those related to certain minimization problems.
We now introduce a family of metrics based on the φ-wabl/ldev/rdev representation with the purpose of establishing L 2 metrics between fuzzy numbers with the following properties.
• The metrics extend the mid/spread-based metric for interval-valued data;
• The metrics take into account the central location and shape of the involved fuzzy numbers;
• The metrics are based on a characterizing representation of fuzzy numbers.
The new metrics are also partially inspired by previous L 2 distances (see Yang and Ko [63] , Ferraro et al. [27] ). 
Note that θ and φ do not have a stochastic meaning but have a weighting interpretation in the definition of this metric. It is clear that the role of the parameter θ in the distance is to weigh the influence of the 'deviation in shape' between the fuzzy numbers (quantified through ldev and rdev) with respect to the influence of their 'deviation in central location' (quantified through wabl). A more detailed interpretation of the values for θ that can be chosen follows in Section 4. Moreover, the choice of φ allows us to weight the influence of each α-level (i.e., the different degrees of 'compatibility').
Metric and topological properties of D φ θ
To examine some of the main properties of D φ θ , it is convenient to point out that given the absolutely continuous probability measure φ on ([0, 1] , B [0, 1] ) with positive mass function on (0, 1), an arbitrary fuzzy number U ∈ F * c (R) can be characterized by its υ φ -vector given by
The υ φ -vector function can be stated as the function 
for any x = (x 1 , x 2 , x 3 ), y = (y 1 , y 2 , y 3 ) ∈ R 3 . Actually, the υ φ -vector enables to isometrically embed the space F c (R) in a convex cone of H 2 . The corresponding L 2 norm in this subset of H 2 would be:
where f and g represent two elements in the cone. Using this relation and ideas similar to those in Trutschnig et al. [61] , one can conclude that 
type metric, and it is translation and rotation invariant.
iii) For fixed φ, the υ φ -vector function satisfies that 
As a consequence, the υ φ -vector function preserves the semilinearity of F * c (R) and relates the fuzzy arithmetic to the functional arithmetic, which implies that F * c (R) can be isometrically embedded in a convex cone of H 2 . For the special case φ ≡ ℓ with ℓ the Lebesgue measure as in Example 2.1, the corresponding metric D ℓ θ is topologically equivalent to some well-known metrics between fuzzy numbers. In particular, the next proposition shows that D ℓ θ is equivalent to the well-known L 2 metric ρ 2 based on the inf/sup representation of fuzzy numbers (Diamond and Kloeden [18] ) and given by 
Proof. Indeed,
On the other hand,
and by applying twice Jensen's inequality
Therefore, 
Moreover, since ρ 2 is also topologically equivalent to the metric d 2 given by
where d H denotes the well-known Hausdorff metric on the space of nonempty closed and bounded intervals, and (F * c (R), d 2 ) is a separable metric space (see Klement et al. [38] ), one can immediately derive that More generally, it is rather straightforward to extend the proof for the separability of (F * c (R), d 2 ) (see Klement et al. [38] and Diamond and Kloeden [18] ) to the general metric d In summary, distances in this section represent a parameterized family of metrics which are topologically (actually, strongly) equivalent to distance ρ 2 based on the 2-norm that uses the infimum/supremum representation of fuzzy numbers. Consequently, they share all the topological advantages of ρ 2 . Furthermore, they allow us to control separately the relative influence of the central location of the fuzzy numbers and their shape, whereas ρ 2 assigns a specific weight to this influence. This double control was also allowed by Bertoluzza et al.'s metric, but unfortunately there are no necessary and sufficient conditions for the mid-point/spread representation to characterize fuzzy numbers, so for some optimization problems this could become a drawback.
Moreover, this metric d

Interpretation of the weight parameter θ
A key question that arises when employing the metric D φ θ in real-life problems involving fuzzy data is the selection of a particular element of the family of metrics. For this purpose, it is very valuable to interpret the roles played by φ and θ in the metric.
The probability measure φ can be formally identified with a measure weighting the 'importance' given to the different α-levels of the fuzzy numbers. For instance,
• the choice φ ≡ ℓ indicates that in quantifying the distance between fuzzy numbers one gives the same relevance to all levels; • choosing φ such that the greater the value of α the greater its weight (e.g. φ ≡ Beta(p, 1) with p >> 1) indicates that in quantifying the distance between fuzzy numbers one gives higher relevance to high levels, that is, one mainly focuses on the levels with high degree of compatibility; • choosing φ such that the greater the value of α the lower its weight (e.g.
φ ≡ Beta(1, p) with p >> 1) indicates that in quantifying the distance between fuzzy numbers one gives higher relevance to low levels, that is, one mainly focuses on the levels with low degree of compatibility.
We illustrate these assertions with the following example. are not unexpected given their location and shape in Figure 2 . First note that due to the symmetry of these fuzzy numbers
is constantly equal to 1, irrespectively of the choice of φ. When φ mainly weights the high levels (i.e., φ ≡ β(p, 1) with
, whereas when φ mainly weights the low levels (i.e., φ ≡ β(1, p)
, and for p >> 1,
As explained in the previous section, the general role of the parameter θ in the metric D φ θ is to weight the influence of the squared deviation in central location (measured by wabl φ ) of the fuzzy numbers in contrast to the influence of their deviation in shape (measured level-wise by the ldev φ and rdev φ functions). However, the exact meaning of the value of θ is not yet clear. Therefore, we now establish a result that allows us to interpret better the value of θ. For this purpose, we take into account that if we consider any fuzzy number U ∈ F * c (R), and a level α ∈ [0, 1], then each
can be written as a particular linear combination of the components of υ φ U (α). More precisely, for any of these x's there exists a λ ∈ [−1, 1] such that
with M 0 (λ) = max{0, λ}.
Based on the above expression, for any two fuzzy numbers U and V , a one-to-one correspondence between them can be stated by considering the functions f φ U (α, λ) and f φ V (α, λ), so that it seems plausible to consider the distance between U and V as given by
where η is a measure which can formally be identified with a symmetric and non-degenerate probability measure on (
Since η is assumed to be symmetric on [−1, 1], it can be expressed as a finite mixture η = .5 · ζ + .5 · ξ with ξ a probability measure on [0, 1] which is non-degenerate at 0, and ζ(λ) = ξ(−λ). Therefore, the distance D φ η ( U , V ) can be rewritten by taking into account that ∫
The next result shows that this distance is an equivalent definition for D φ θ . Based on this equivalence the role of the parameter θ becomes easier to interpret. 
. Consequently, for any non-degenerate symmetric probability measure η on [−1, 1] there is a probability measure ξ on [0, 1] and non-degenerate at 0 such that
Conversely, for any parameter value θ ∈ (0, 1] there are probability measures ξ θ on [0, 1] and non-degenerate at 0 such that . In summary, another advantage of this family of metrics is that the choice of the parameter θ can be interpreted in a way similar to that of Bertoluzza et al.'s metric, which can make its choice easier in practical problems. Nevertheless, the use of the parameterized version simplifies many practical and theoretical developments.
Illustrative example
To illustrate the computation of the distance D φ θ we make use of an example.
Example 5.1. Setnes et al. [55] considered the modeling of a real-world system by means of the FAIR (Fuzzy Arithmetic-based Interpolative Reasoning) method, the modeled system being a pressure-controlled fermenter tank. A model with fuzzy outputs was identified by least squares approximation, where the identification data consist of fuzzy observations.
One of the variables that should be carefully controlled during a fermentation process is the pressure in the fermenter tank. The inference in FAIR consists of a set of fuzzy rules, each of which describes a local relation between the inputs or antecedents and the outputs or consequents. By using knowledge about the process the antecedents are partitioned into four 'fuzzy regions' associated with the triangular values In case there is no knowledge allowing researchers to determine the antecedent fuzzy partition, data-driven approaches such as fuzzy clustering can be applied. Given the antecedent partition above, the fuzzy numbers in the consequents are estimated from the identification data (see Setnes et al. [55] for more details). As an example, one of the identified fuzzy consequents obtained following this process corresponds to U = Tri(1.27, 1.476, 1.673), which is definitely 'in between' V = Tri(1, 1.2, 1.65) and W = Tri(1.2, 1.65, 2.2). Figure 4 displays the fuzzy partition of the antecedents (in black lines) and the examined consequent (in thick grey line). Assume that for purposes of classification, or others, we want to look for the antecedent in the considered partition which is the closest to U . Then, by considering the metric in Section 3 we obtain that This situation shows that depending on the choice of θ we will classify V as closer to U than W . More concretely, if θ ≤ 0.5682 then (see Figure 5 ) W is closer to U than V , otherwise the situation is the contrary. In short, when the metric assesses higher influence to the 'central location' than to the 'shape' (i.e., θ takes on low values) W is closer to U , but the smaller the relative importance of the central location in contrast to that of the shape, the relatively closer V to U .
Concluding remarks
A family of metrics D φ θ has been introduced in this paper as L 2 metrics based on a representation of fuzzy sets which takes into account the central locations and shape of the involved fuzzy numbers, and for which necessary and sufficient conditions can be stated to characterize a fuzzy number. In this representation the central location of a fuzzy number U is measured by wabl φ ( U ) while its shape is measured by the two functions ldev φ U and rdev φ U . Since the metrics are based on a representation for which necessary and sufficient conditions can be stated to characterize fuzzy numbers, the use of these metrics can be especially useful in several optimization problems over the space of fuzzy numbers, because it becomes possible to check whether or not the optimal solution also lives in such a space.
Since it can be shown that these metrics are coherent with the Fréchet principle in case of fuzzy number-valued random elements and the mean value is approached by the Aumann-type expectation (see, Puri and Ralescu [52] ), a statistical methodology following the guidelines in [8] can be developed in the future. A comparative study can then be performed to compare the power of these metrics. The new metrics can also be used to extend the notion of L 2 median to fuzzy number-valued random elements by extending the notion of Sinova et al. [58] .
A much deeper discussion on the choice of φ would be desirable. However, this is not a point to be covered in this paper but an open problem. It should be pointed out that the influence of the selection of φ, and in fact that of θ, will strongly depend on the particular problem being studied. Studies should be conducted to analyze the influence on the power of hypothesis tests, on the MSE of estimators, on the robustness of some measures, etc. Moreover, the discussion should be developed separately for each problem to which the metric is applied.
Since the motivation to introduce the considered metric is that of dealing with the statistical analysis of fuzzy data, we have assumed for each α-level that the influence of the deviation between the infima of the involved fuzzy values is weighted as the influence of the deviation between the suprema. In case this assumption is considered to be removed, as it can happen in some decision-oriented problems, we can use for instance a convex linear combination (1 − τ )θ and τ θ, and most of the studied properties will be preserved although choices will become more complex. Alternatively, and by taking inspiration in distances like the one in Yeh [64] , one can consider that the importance of different α-levels in the metric cannot only affect the level but also the left and right sides involved in D ] 2 , respectively, and another one, φ 3 , when computing the wabl's. It should be finally noticed, that for purposes of interpreting the choice of θ we have assumed it to be constrained to range in (0, 1], but in general there is no need for such a constraint and the main properties will be preserved, which could be useful in some particular problems.
